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Bilayer graphene �BLG� has recently attracted a great deal of attention because of its electrically tunable
energy gaps and its unusual electronic structure. In this Rapid Communication we present analytical and
semianalytical expressions, based on the four-band continuum model, for the layer-sum and layer-difference
density-response functions of neutral and doped BLG. These results demonstrate that BLG density fluctuations
can exhibit either single-component massive-chiral character or standard two-layer character, depending on
energy and doping.
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I. INTRODUCTION

Recent progress1 in the isolation and experimental explo-
ration of large area single and multilayer graphene systems
has opened up a new topic in two-dimensional electron sys-
tem �2DES� physics. These atomically thin 2DESs exhibit a
rich variety of unique properties that are presently under ac-
tive investigation. In particular, the peculiarities of one
single-layer graphene �SLG�, two bilayer graphene �BLG�,2–5

and three layer systems are quite distinct. This Rapid Com-
munication is motivated by ongoing experimental work on
suspended BLG �Ref. 6� and improved BLG samples on
SiC.7 We anticipate that electron-electron interactions will
have a crucial influence on the emerging Fermi liquid, col-
lective excitation, angle-resolved photoemission spectros-
copy �ARPES�,7 and tunneling properties of BLG systems.

Many-body effects in BLG have been studied by several
authors.8–14 However density-response functions, which are
the starting point for detailed many-body physics consider-
ations in charged-particle systems, have so far been
calculated12 only in the static limit, only in the density-
density channel �see below�, and only within a two-band
model15 whose applicability is limited to low densities and
low energies. Dynamical screening and collective effects in
BLG are still largely unexplored.

In this Rapid Communication we present analytical ex-
pressions based on the full four-band continuum model for
the dynamical susceptibilities of undoped BLG and semiana-
lytical expressions for the same quantities in doped BLG.
Our results provide the key technical ingredient necessary for
many-body theory calculations that are based on the random-
phase approximation �RPA� �Ref. 16� or its generalizations,
whether directed toward thermodynamic quantities �like
charge and spin susceptibilities� or toward quasiparticle
dynamics.2,7 They exhibit many interesting features which
foreshadow key aspects of many-body correlation physics in
these systems. In the present Rapid Communication we
present detailed RPA predictions for the collective plasmon
excitations of BLG, which are expected to be directly ob-
servable in electron energy loss spectroscopy studies and, as
in the SLG case, are responsible for the many-body features
observable in ARPES spectra.17,18

II. FOUR-BAND LINEAR-RESPONSE THEORY

BLG is modeled as two SLG systems separated by
a distance d and coupled by both interlayer hopping and
Coulomb interactions. Most of the properties we discuss
below depend qualitatively on the Bernal stacking
arrangement in which one sublattice �say A� of the top layer
is a near neighbor of the opposite sublattice �say B� of the
bottom layer. Neglecting trigonal warping, which is
important only at extremely low densities and is presently
masked by uncontrolled disorder, the single-particle

Hamiltonian is ��=1� T̂=�k,�,�ĉk,�
† T���k�ĉk,�, where

T�k�=−v�5�0� ·k− t���5�x+ i�y� /2. Here v ��106 m /s� is
the Fermi velocity of an isolated graphene layer, t�

��0.3 eV� is the interlayer hopping amplitude, and the
�� are 4�4 Dirac � matrices in the chiral representation19

��5�−i�0�1�2�3�. The Greek indices � ,� account for the
sublattice degrees of freedom in top �1=A , 2=B�
and bottom �3=A , 4=B� layers. Two electrons in the same
�S� layer interact via the 2D Coulomb potential VS�q�
=2�e2 / �	q�. Electrons in different �D� layers interact via
VD�q�=VS�q�exp�−qd�.

For response function calculations it is convenient to
work in the single-particle Hamiltonian eigenstate basis.
Diagonalization of T�k� yields four hyperbolic bands8

�see Fig. 1� with dispersions, 
1,2�k�= ��v2k2+ t�
2 /4+ t� /2

and 
3,4�k�= ��v2k2+ t�
2 /4− t� /2. In this basis the interac-

tion contribution to the Hamiltonian is Ĥint

= �2S�−1�q�V+�q��̂q�̂−q+V−�q�
̂q
̂−q�, where S is the 2DES

area, V�= �VS�VD� /2, and �̂q and 
̂q are respectively the
operators for the sum and difference of the individual layer
densities: �̂q=�k,�,��ĉk−q,�

† �Dk−q,k����ĉk,�� with Dk−q,k

=Uk−q
† Uk and 
̂q=�k,�,��ĉk−q,�

† �Sk−q,k����ĉk,�� with Sk−q,k
=Uk−q

† �5Uk. Here Uk is the unitary transformation from sub-

lattice to band labels � ,��.8 From Ĥint we thus see that two
response functions are necessary for the evaluation of collec-
tive modes and ground-state properties of BLG: the total-
density-response function, ����q ,��= 		�̂q ; �̂−q

� /S, and the
density-difference response function �

�q ,��
= 		
̂q ; 
̂−q

� /S. Here 		Â ; B̂

� is the Kubo product.20,22
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III. NONINTERACTING RESPONSE FUNCTIONS AND
RPA SCREENING

In the noninteracting limit the linear-response functions
introduced above have the standard eigenstate-representation
form,20

����

�
�0� = �

�,��
� d2k

�2��2

nk,� − nk�,��

z + �k,�;k�,��
Mk,�;k�,��, �1�

where z=�+ i0+, k�=k+q, nk,� are band occupation factors,
and �k,�;k�,��=
k,�−
k�,�� are band-energy differences. Here

Mk,�;k�,�� is ��Dk,k������
2 for the total-density response and

��Sk,k������
2 for the density-difference response. We have

evaluated ����

�
�0� →����

�

�0u� analytically for undoped BLG,
i.e., for the case in which bands 2 and 4 are full and bands 1
and 3 are empty. Here we report only results for the imagi-
nary parts of these response functions. The corresponding
analytical expressions for the real parts, which can be de-
rived from a standard Kramers-Krönig analysis, are ex-
tremely cumbersome and will be presented elsewhere. After
very lengthy algebra we have reached the following results
�per spin and per valley�:

Im���
�0u��q,�� = 
 1

16v2�v2f2�q,�� − 2v2q2

�g�q,�,��
+ 2�g�q,�,�� −

2

�
�g�q,�,�−�����g�q,�,�� − t�

2 �

−
1

8v2�
���g�q,�−,�−� − �g�q,�,�−�����g�q,�−,�−� − t�

2 �� + 
 ¯ �
t�→−t�

�2�

and

Im�


�0u��q,�� = 
 1

16v2�v2f2�q,�−� − 2v2q2 − 2t�
2

�g�q,�−,�−�
+ 2�g�q,�−,�−� −

2

�
�g�q,�,�−�����g�q,�−,�−� − t�

2 �

−
1

8v2�
���g�q,�,�� − �g�q,�,�−�����g�q,�,�� − t�

2 �� + 
 ¯ �
t�→−t�

, �3�

where ��=�� t�, g�q ,� ,��=��−v2q2, f�q ,��=q��g�q ,� ,��− t�
2 � /g�q ,� ,��, and ��x� is the usual step function. Equa-

tions �2� and �3� greatly simplify the analysis of many-body effects in BLG and are an important result of this work.
For both density-sum and density-difference channels, the response functions of the doped system can be written as ��0�

=��0u�+���0�. We find that the corrections due to doping can be reduced to simple but cumbersome one-dimensional �1D�
integrals,21

�����

�
�0� �q,z� = 
��
F − t��

1

4�v
�

t�/�2v�


F/v−t�/�2v�

�g���

��s,q,z,t�� + j���

��s,q,z,− t���ds

+
1

4�v
�

t�/�2v�


F/v+t�/�2v�

�g���

��s,q,z,− t�� + j���

��s,q,z,t���ds� + 
 ¯ �
z→−z

, �4�

where

g�� =
− �v2q2 − a�z�a�z+��2sgn�Re�P�q,z���

�a2�z+� − z2��Q�q,z�
+

R�q�
4�a2�z+� − z2�

−
5

4
−

z−

4�s + t�/2�
, �5�

j�� = sgn�Re�P�q,z−���
�Q�q,z−�
a2�z−� − z2 −

R�q�
4�a2�z−� − z2�

+
1

4

+
z−

4�s − t�/2�
, �6�

g

 = sgn�Re�P�q,z���
�Q�q,z�

a2�z+� − z2 −
R�q�

4�a2�z+� − z2�
+

1

4

+
z−

4�s + t�/2�
, �7�

and

j

 =
− �v2q2 + t�z − a2�z−��2sgn�Re�P�q,z−���

�a2�z−� − z2��Q�q,z−�

+
R�q�

4�a2�z−� − z2�
−

5

4
−

z−

4�s − t�/2�
. �8�
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Here z�=z� t�, a�z�=z+2vs, P�q ,z�=v2q2−za�z�,
Q�q ,z�=v4q4+a2�z�z2+q2�t�

2 −a2�z�−z2�, and R�q�= �4v2q2

+ t�
2 −4v2s2�. Note that the first term inside the curly brackets

in Eq. �4� is finite only if the high-energy band 
1�k� is
occupied �i.e., only if the Fermi energy 
F� t��. Equations
�4�–�8� constitute the second important result of this work.

The static limit of these response functions ����

�
�0� �q ,�

=0� is illustrated in Fig. 2 for both lightly and heavily doped
bilayers.23 In the low-density limit ���

�0��q ,0� exhibits a strong
Kohn anomaly at q=2kF3 associated with12 the massive-
chiral behavior of band 3 at energies below �t�. We see in
Fig. 2 that response functions calculated in the two-band
model12 �dashed line in Fig. 2� overestimate the strength of
this nonanalyticity because they do not capture the gradual
change in the single-particle eigenstate character of band 3
from the coherent two-layer wave functions at low energies
to weakly coupled SLG wave functions at high energies. For

the same reason the two-band model completely misrepre-
sents the large-q behavior, failing to capture the linear in-
crease in ��0� at large q which closely mimics SLG behavior.
In the high-density limit ���

�0��q ,0� becomes rather similar to
its SLG counterpart. The Kohn anomaly at 2kF1, which still
has BLG character at this energy, is relatively strong while
the anomaly at 2kF3, which already has more single-layer
character, is strongly suppressed. The real-space Friedel os-
cillations �FOs� exhibit corresponding changes24 as the occu-
pation of band 1 increases at high densities. In panel b we
clearly see that the two-band model is even more inadequate
in the density-difference channel. �In fact the integrals which
appear in �



�0� �q ,0� have an ultraviolet divergence25 in the
two-band model.� �



�0� is larger than ���
�0� at small q for low

densities because of the two-layer character wave functions
are easily polarized. At higher densities �



�0� and ���
�0� are

nearly identical, as expected when the two layers respond
nearly independently.

IV. RPA THEORY OF COLLECTIVE MODES

The RPA response functions of the interacting doped sys-
tem are given by

����

� =
����

�

�0�

1 − V�����

�
�0� �

����

�
�0�


���

�
. �9�

The interacting-system susceptibilities are determined by the
density n, d �which we have taken to be d=3.35 Å�, t�

FIG. 1. �Color online� BLG continuum-model band structure.
Depending on the doping level, the 2DES can have either one or
two conduction-band Fermi surfaces.

FIG. 2. �Color online� BLG static response in units of the
Fermi-level density of states of band 3, �= �
F+ t� /2� / �2�v2�, as a
function of q /kF3. �a� ���

�0��q ,0�. The �black� dashed line is the result
obtained within the two-band model �Ref. 12�, while the �red� solid
line is the result obtained within the four-band model for doping
level n=1012 cm−2, corresponding to the �red� solid line in Fig. 1.
The �blue� dash-dotted line gives the static response for n=5
�1013 cm−2 corresponding to the �blue� dash-dotted line in Fig. 1.
Inset: small momenta region of the heavily doped result. From left
to right, the vertical dashed lines are at 2kF1, kF1+kF3, and 2kF3. �b�
�



�0� �q ,0� with the same labeling as in panel �a�. The two-band
model �



�0� �q ,0� reported here has been calculated with a cutoff
kc= t� /v.

FIG. 3. �Color� BLG RPA dynamical dielectric functions for
low-doping n=1012 cm−2 and �ee=0.5. The left panel shows
Im�1 /
���q ,��� as a function of q �in units of kF3� and � �in units
of 
F�. The right panel shows Im�1 /


�q ,���.

FIG. 4. �Color� High density �n=5�1013 cm−2� BLG RPA dy-
namical dielectric functions for the same model parameters as in
Fig. 3. The inset in the right panel highlights the intersubband
plasmon.
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�which we have taken to be 0.35 eV�, and by the effective
fine-structure constant �ee=e2 / ��v	�. In Figs. 3 and 4 we
plot the imaginary parts, Im�1 /
���q ,��� and
Im�1 /


�q ,���, of the inverse dynamic dielectric functions
which provide a portrait of BLG density-sum and density-
difference fluctuations and collective modes. The collective
fluctuation physics in the high-density limit is much like that
of an ordinary bilayer,26 as expected. A clear in-phase bilayer
plasmon, whose frequency goes to zero such as �q for q
→0 appears at low energies and is Landau damped at rela-
tively low frequencies by interband transitions. An out-of-
phase intersubband plasmon appears in 


�q ,�� just above
the transition frequency between bands 3 and 1. At low den-
sities, however, these results show that the collective fluctua-
tion physics in BLG is quite unusual. The intersubband plas-
mon is Landau damped at all wavevectors for 
F� t� /2, i.e.,
for densities below nc=3�t� /v�2 / �4���7�1012 cm−2,
which is smaller than the critical density n1=2�t� /v�2 /�
�18�1012 cm−2 at which the band 
1�k� is populated. The
density-sum plasmon still appears and still has �q dispersion
but the physics which determines the coefficient of �q is
completely altered.27 The shark-fin structure around �=0
and q=�2kF3 inside the e-h continuum is a direct conse-

quence of the J=2 massive-chiral fermion behavior because
it leads to suppressed scattering from a state with momentum
k to a state with final momentum �k+q��k. The disappear-
ance of the intersubband plasmon in Im�1 /


�q ,��� occurs
because the mode would be Landau damped even if strong,
and because long-wavelength transition amplitudes between
bands 1 and 3 are suppressed at low energies.

In summary we have demonstrated that the density-sum
and density-difference fluctuations in BLG crossover from
those of an unusual massive-chiral single-layer system to
those of a weakly coupled bilayer as carrier density, wave
vector, and energy increase. The analytic and semianalytic
results for RPA response functions obtained here will sim-
plify efforts to understand the many-body physics of this
unique 2DES.
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